INTRODUCTION
Spent driver fuel from the Experimental Breeder Reactor-II (EBR-II), a sodium cooled fast reactor located in southeastern Idaho [1] , is being processed in the Mark-IV (Mk-IV) electrorefiner (ER) at Idaho National Laboratory (INL) [2] , formerly Argonne National Laboratory-West. The Mk-IV ER is a cylindrical, stainless steel vessel 1m across and about 1m in height operated at 773 K in an argon atmosphere. The electrolyte is a LiCl-KCl eutectic mixture containing several w% UCl3, which floats on an immiscible pool of liquid Cd approximately 10cm deep (see Fig. 1 ). Each anode assembly consists of 4 baskets arranged in a cruciform pattern with a diameter of 25cm. Prior to operation, anode baskets are loaded with chopped EBR-II driver fuel, consisting of a U-Zr alloy encased in a stainless steel cladding and exposed on the ends. The fuel alloy was bonded to the cladding with sodium metal. Each cathode is a steel mandrel to which uranium adheres after the electrorefining process begins [3] .
Upon insertion of a fresh anode into the system, the more active metals in the chopped fuel segments are oxidized by the more noble salt species in the molten salt to produce noble metal [3] . The reduced metal may adhere to the anode or-being denser than the salt-may fall to the bottom of the ER and dissolve into the Cd pool. That, in combination with changes in the distribution of species in the salt, initiates reactions between the pool and the salt. In addition, once noble metals dissolved in the pool exceed their solubility limit, they will come out of solution and precipitate in the pool forming "pool precipitate" [4, 5, 6] . It is this complex series that needs to be considered in developing the predictive computational model. Two computational methods for determining equilibrium states for the Mark-IV electrorefiner (ER) have been assessed to improve the current computational electrorefiner model developed at University of Idaho. Both methods were validated against measured data to better understand their effects on the calculation of the equilibrium compositions in the ER. In addition, a sensitivity study was performed on the effect of specific unknown activity coefficients-including sodium in molten cadmium, zirconium in molten cadmium, and sodium chloride in molten LiCl-KCl. Both computational methods produced identical results, which stayed within the 95% confidence interval of the experimental data. Furthermore, sensitivity to unavailable activity coefficients was found to be low (a change in concentration of less than 3 ppm).
The method for calculating equilibrium is significant in the initiation stage of the modeling process. In previous work, equilibrium calculations for the electrorefiner were performed using individual equations for each possible reaction [7] . Ackerman (1989) took a piecewise approach to the problem in his algorithm-PYRO-by first accounting for all the reactions that should occur to completion and later employing a recursive algorithm to determine equilibrium among the remaining species [8] . Nawada and Bhat (1998) reported a similar approach by modeling the thermodynamic reactions between two liquid cadmium electrodes and a molten salt bath using 10 equations [4] . Their method only accounted for U and Pu transport and solubility limits in the liquid electrodes.
Vaden (2006) took a uniform approach to the process by employing matrix style equilibrium computations [9, 10] . These methods are documented in detail by Smith and Missen [11] . Equilibrium methods were grouped into two classifications based on how stoichiometry was handled. In a stoichiometric method (SM), Gibbs free energy is minimized with stoichiometric relations being enforced implicitly under a clever definition of the independent variable. In contrast to the first method, a non-stoichiometric method (NSM) enforces stoichiometric relations through various other means; that is, it uses a measure of species population as the independent variable [11] . Vaden reported results showing comparisons between both methods and experimental data [9] . Those results revealed that the SM predicted results accurately while the NSM did not. It was stated in that work that a possible reason the NSM performed poorly was due to the NSM disregarding the separation of the anode and pool. The NSM method allowed species to be wrongly transported between the anode and pool in that model [9] . However, his implementation of the SM was later refined to include solubilities in the Cd pool, and it was used to accurately predict electrorefiner inventories [10] .
Hoover and co-workers (2010) applied a simple equilibrium method to predict the chemistry in the Mk-IV prior to operation by only accounting for one reactionplutonium reacting with UCl3 in the electrolyte and dissolving out of the spent fuel basket [12] . This method was applied to the current ER computational model developed at the University of Idaho [12, 13] . However, the actual system as described above is complex thus providing a motivation to improve the equilibrium method used in the model. Therefore, the SM and NSM have been reexamined and reanalyzed in this study. The SM and the NSM are implemented as part of a larger method designed to account for the physical separation between the anode and the pool. This was done because Vaden proposed that the failure of the NSM was due to its not accounting for that separation [9] . The current work is compared to Vaden's experimental data. In addition, to ensure accurate results, the sensitivity to inputs is examined for uncertain parameters like the activity coefficients of Na and Zr. In an effort to ensure robustness of the method, extreme conditions have been applied and output values were examined to determine their accuracy. This study will enhance a general understanding of the Mk-IV ER process, aid in the design of future generations of ERs, and help evaluate proliferation resistance of the system.
THEORY
In general, systems approach equilibrium by moving to the lowest energy state possible. Therefore, minimization of a system's Gibbs free energy is a good way to compute equilibrium concentrations. Gibbs free energy for the system (G) is given by where a is the phase index, A is the total number of phases, e is the species index, E is the total number of species in each phase, n is the number of moles, and µ is the chemical potential, which is given by [9, 11, 14] :
Here, R is the gas constant, T is the absolute temperature, γ is the species activity coefficient, and µ 0 ea is the free energy of formation, or the standard state free energy.
The solubility limit is important in the cadmium pool. Over the course of ER operation, material is scraped off of the cathode and dissolves in the cadmium. In addition, precipitate from reactions between the salt and the anode may fall into the pool and dissolve. Due to this stream of material entering the pool, the solubility limit for various compounds may be reached. When it is reached, a solid "pool precipitate" forms in the cadmium pool. It is important to distinguish between the metallic precipitate formed in the salt, and the intermetallic "pool precipitate" formed in the pool.
MATHEMATICAL MODEL
Due to the problem encountered in Vaden's work with the NSM implementation [9] , it was decided to split the equilibrium problem into smaller parts in the current work. The split up algorithm is shown in Fig. 2 and will be referred to as the master method. It is an iterative method where each step incrementally approaches equilibrium.
There are four steps in the master method.
Step 1 computes equilibrium compositions for the pool and the molten salt, ignoring the anode and the pool precipitate. Either the SM or NSM can be used for Step 1.
Step 2 (2) accounts for precipitation and dissolution of species in the pool using solubility limits.
Step 3 is similar to Step 1, except that the anode-molten salt interface is considered. Again, either the SM or the NSM will be used. In Step 4, any material that is in excess of the initial anode content is considered to be precipitate, and it is moved into the cadmium pool. This step can be easily modified to only allow a specified fraction of each species to adhere to the anode, rather than to precipitate into the cadmium pool. Steps 1-4 are applied until convergence is reached.
The main limitation to the above model is that if there is not sufficient material for reactions to completely occur, only one interface can be perturbed prior to the equilibrium calculation. For example, consider the master method being used to compute the equilibrium of an ER with an anode of 5 moles U, an electrolyte containing 3 moles CdCl2, and a pool containing 5 moles of U. The CdCl2 will react with the U in the pool, and the U in the anode, however not all of the U will react. Therefore it is impossible to determine the amount of U left in the anode, or the amount of U left in the pool without a model that incorporates some additional parameters such as rate constants. Such a model is, however, beyond the scope of this work.
The NSM implementation of the master method presented in this paper consists of the master method, with the NSM applied in Steps 1 and 3. The NSM minimizes G as a function of species population [11] with such that where Tm is to the total number of moles of each element in the system and zea is the entry in the formula matrix for the interface at which the computation is taking place [9] . An example formula matrix for the anode-salt interface is shown in Table 1 . Each column and row represent a compound and an element, respectively. The number in each cell is the number of atoms of the element in the compound and empty cells represent zeros. The NSM implementation used the fmincon function in MATLAB to minimize the Gibbs energy. Table 1 . Formula Matrix for the Anode-salt Interface.
The SM implementation is simply the master method with the SM applied in steps 1 and 3. The SM minimizes the Gibbs free energy function as a function of extent of reaction [9] . Extents of reaction (δ∈r) are employed to implicitly account for the stoichiometry of the system in the independent variable, without having to apply external constraints on the objective function. The stoichiometric method increments toward the minimum G by solving for the extents of reaction. The derivative of G is calculated as where ν is an entry in the stoichiometric matrix. It is possible to linearly transform extent of reaction into species population by An example stoichiometric matrix for the anode-salt interface is shown in Table 2 with the following chemical reactions:
and Each column and row represent a reaction and a compound, respectively. The numbers in the cells are the stoichiometric coefficients for compounds involved in the reaction. Zeros are represented by empty cells. The version of the SM outlined by Kress [14] was used to implement the SM in this study. This version of the SM includes shuffling the stoichiometric matrix using linear column operations to avoid a singular matrix. This also helps ensure that the method is not overly constrained. Negative species concentrations were avoided by testing for negativity on each iteration step, and scaling back extents of reaction accordingly.
When the solubility limit of a metal (M) in the pool is exceeded, the reaction occurs to form the solid intermetallic-MCdB. In the case of uranium, the pure metal precipitates, so the stoichiometric coefficient (B) is considered to be 0. Solubility limits are shown in Table 3 . It was assumed that elements having no solubility limits listed in Table 3 do not ever occur in a high enough concentration to precipitate out of the pool. The solubility formulation is based on the fact that the concentration of a metal dissolved in the cadmium will always be less than or equal to the solubility limit. Thus, the limiting condition can be determined as where NM ′ represents the updated amount of dissolved metal in moles and NCd ′ is the updated amount of metallic Cd in moles. Additionally, it was assumed that any excess will react with the cadmium and precipitate, so that where NM 0 denotes the previous amount of dissolved metal in moles (given by step 1) and NCd 0 is the previous amount of metallic Cd in moles. S represents moles of solute per mole of solvent at saturation. Solving Eqs. (12) and (13) for NM' yields Given the result from Eq. (14), one can use simple mass balances to solve for the final amount of pool precipitate and the final amount of molten Cd in the pool. The main limitation of this method is that the solubility limit for one metal does not depend on the concentrations of other metals.
METHODS
To verify the SM and the NSM implementations, experimental data reported by Vaden [9] was used, and it 
Rx1
Rx2 Rx3 will be referred to as Case 1. Initially, the anode contained 84.08 moles U, while the salt contained 4601 moles LiCl, 3159 moles KCl, and 126.4 moles CdCl2 [9] . Activity coefficients, standard Gibbs energies, and solubilities from Table 3 were employed in the calculations. The two methods were compared to the experimental data. The error in the model predictions was calculated based on the following equation:
Next, the two methods were compared against each other using Cases 2 and 3 which were based on the same ER run input data as in Ref. For simplicity, other elements were not considered present in the salt. U, Pu, Zr, Na, Li, K, and Cd were accounted for in the anode and in the pool, with their respective salts modeled in the electrolyte. Only the U, PuCd6, and ZrCd2 pool precipitates were modeled. They were considered absent from the system initially. In both adaptations of the data, the amount of Pu in the anode was reduced by 20% of the actual value to account for the fact that some plutonium cannot be dissolved [12] . Case 2 represents the event when ER run data has nothing dissolved in the Cd pool initially, while Case 3 is the extreme scenario when the system has an excessive amount of Zr (1000 mol) initially loaded in the Cd pool and is included to test the limits of the model. Numerous initial loadings of dissolved Zr (up to 1000 moles) were used to examine the behavior of the pool precipitate portion of the model, keeping all other parameters equal to those in Cases 2 and 3. Three input parameters shown in Table 3 were approximated as 1; these are the activity coefficients of Na and Zr in Cd pool and that of NaCl in salt. To examine the impact that this uncertainty has on the results of the two ER run cases, Case 3 has been selected and run with various values of each estimated parameter to examine the affect on the resulting value. The ranges of Na activity coefficients were chosen based on values reported at lower temperatures [21, 22] . Similarly, the range of Zr activity coefficients that were examined in the pool were chosen using a value from literature, and an unpublished value estimated from electromotive force series data [5, 23] . The effect of each activity coefficient was examined with all other values being set to those displayed in Table  3 .
RESULTS & DISCUSSION
The implementations of the SM and the NSM worked well, producing identical solutions. Run times were typically between 1 and 7 seconds on a Pentium 4 for both methods. However, convergence failed when tolerances were too tight. The failure resulted from tiny amounts of a species seeping into the salt through the anode interface, and then leaving the salt through the pool interface. Any transport of the species across the salt would be extremely slow due to the low concentration of the species in the salt, limiting the opportunity for the species to interact with the pool interface. This seepage was discounted in the code by relaxing convergence tolerances, setting them to a higher percentage. The convergence tolerances were set to 0.1% change in number for all species with a 551 NUCLEAR ENGINEERING AND TECHNOLOGY, VOL.43 NO. 6 population greater than 0.001 mole. The SM and the NSM compared well to the experimental data reported by Vaden, as listed in Table 4 . In addition, the SM and NSM predictions match the values Vaden reported from his SM implementation. It should be mentioned that the anode initially contained 84.08 moles of U, and was completely consumed over the course of the experiment. Fig 3 is a graphical representation of the results presented in Table 4 . It can be seen that both the Li and K remain in the salt as chlorides. It can also be deduced that the U initially in the anode fully reacts with the Cd can be seen in Fig 4. In that figure, one can see that all of the Zr remains in the anode, while the U in the salt reacts with the Na and Pu in the anode. That reaction causes the Na and Pu to dissolve in the electrolyte as their salts. The reaction also forms U metal, which falls into the Cd Pool. The U that is in the pool then reacts with the PuCl3 in the salt, causing Pu to enter into the pool. This prediction agrees with reports that sodium bond material completely dissolves when a fresh anode is inserted into the Mk-IV [7] . The final U to Pu ratio in the pool agrees somewhat with the only published experimental measurements of U and Pu concentration in the pool during a direct transport run that could be located [24] . In both cases, the amount of U dissolved in the pool vastly exceeds the amount of Pu in the pool. This agreement is encouraging. Case 3 did not differ much from Case 2, except that most of the Zr in the pool precipitated with none entering the electrolyte or affecting the anode Zr population. This can be seen in Fig 5 .
The intermediate cases (with Zr loadings that were greater than Case 2 and less than Case 3) had similar results to Cases 2 and 3-except that the amount of precipitate varied with the amount of Zr initially dissolved in the pool. As the zirconium in the pool never entered the salt, it simply obeyed the relationship shown in Eq. (14) when it was above its solubility limit. Given the Cd content of the pool of 5830 moles and the solubility limit for Zr shown in Table 3 , one would expect ZrCd2 to start forming after 17 moles of Zr are added to the system. This is shown to be the case in Fig. 6 .
The sensitivity of Case 3 to activity coefficients whose values were questionable was small. The largest relative effects for each input parameter are shown in Figs. 7a and 7b. All absolute effects in other outputs from the model were small. It can be seen in the two plots that the largest absolute effect introduced to the system due to any error in these three activity coefficients is smaller than 0.015 moles. These values are shown in Figs. 7a and 7b . Considering that the cadmium pool consists of 5830 moles of material, and the maximum effect of the activity coefficient of sodium produces a change of 0.014 moles, it is clear that the effect of the activity coefficient is smallabout 3 ppm. In addition, the differences due to the zirconium activity coefficient changing are extremely small (below 10 -7 moles). Thus, the estimation of the activity coefficients should have little effect on the accuracy.
The agreement between the SM and the NSM in the cases run is in contrast to the results reported by Vaden [9] . This is likely because the method presented in this paper forces the SM and the NSM to account for the fact that the anode and pool never come in contact. This is in line with the reported hypothesis that the NSM implementation failed due to its presumption of contact between the pool and the anode [9] .
CONCLUSIONS
To improve the computational model for electrorefining of spent metal fuel, stoichiometric and non-stoichiometric methods for calculating chemical equilibrium states have been analyzed. A variety of cases were considered with different initial ER states and computed using the two methods. Both methods predicted values for one case that remained well within the 95% confidence intervals for experimental data reported by Vaden [9] . Additionally, results from other cases are reasonable and reflect observations. Both models predicted that Na dissolves into the salt, as observed. The models also predicted that the amount of U in the Cd pool vastly exceeds Pu. For these cases, the results are insensitive to any error introduced by estimated activity coefficients. The maximum error attributable to the estimation of the activity coefficients was found to be 3 ppm change in mole fraction.
